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We determine the quark-hadron transition line in the whole region of temperature (T ) and baryon-number
chemical potential (µB) from lattice QCD results and neutron-star mass measurements, making the quark-
hadron hybrid model that is consistent with the two solid constraints. The quark part of the hybrid model is the
Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model with entanglement vertex that reproduces lattice
QCD results at µB/T = 0, while the hadron part is the hadron resonance gas model with volume-exclusion
effect that reproduces neutron-star mass measurements and the neutron-matter equation of state calculated from
two- and three-nucleon forces based on the chiral effective field theory. The lower bound of the critical µB of
the quark-hadron transition at zero T is µB ∼ 1.6 GeV. The interplay between the heavy-ion collision physics
around µB/T = 6 and the neutron-star physics at µB/T =∞ is discussed.
PACS numbers: 26.60.-c, 12.39.-x, 97.60.Jd
I. INTRODUCTION
The phase diagram of quantum chromodynamics (QCD) is
a key to understanding not only natural phenomena such as
compact stars and the early Universe but also laboratory ex-
periments such as relativistic heavy-ion collisions[1–3]. The
first-principle lattice QCD (LQCD) simulation as a quantita-
tive analysis of the phase diagram[1, 2], however, has the se-
vere sign problem at middle and large µB/T , where T is tem-
perature and µB is baryon-number chemical potential. There-
fore the QCD phase diagram is still unknown particularly at
µB/T >˜ 1, although many possibilities are proposed by effec-tive models there. A steady way of approaching the middle
and large µB/T regions is gathering solid information from
different regions and extracting a consistent picture from the
information.
LQCD simulations are quite successful at µB/T <˜1[1, 2, 4–6]. They are providing high-precision results for the realistic
2+1 flavor system at the present day, for example the tran-
sition temperature, the equation of state (EoS), and fluctua-
tions of conserved charges [5, 6]. As a way of extending the
understanding to the µB/T >˜ 1 region, we can consider ef-fective models such as the Polyakov-loop extended Nambu-
Jona-Lasinio (PNJL) model [7–23]. Actually, some improved
versions of the PNJL model yield desirable results consistent
with LQCD simulations at µB/T <˜ 1 [14, 15, 19, 21, 22].However, the model approach has still various ambiguity at
large µB/T .
A key issue in the large µB/T limit, i.e. at finite µB but
vanishing T , is the EoS of nuclear matter. It is one of the most
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important subjects in nuclear physics to understand proper-
ties of symmetric nuclear matter and neutron matter micro-
scopically from realistic baryon-baryon interactions. Various
theoretical frameworks have been developed to study the sub-
ject. The results seem to be reliable because most of them
are now converging a common result, but the common result
cannot reproduce empirical saturation properties properly if
one starts with realistic two-nucleon forces (2NF). This in-
sufficiency is probably due to the lack of including three-
nucleon forces (3NF). Recent development of the chiral ef-
fective field theory (Ch-EFT) [24, 25] provides a way of de-
termining 2NF and 3NF systematically from symmetries of
underlying QCD. Although the Ch-EFT interaction is, by con-
struction, to be applied at low and normal nuclear densities,
the standard many-nucleon calculation using the Ch-EFT 2NF
and 3NF at these densities should provide the predictive base
for considering the neutron-matter EoS at higher densities.
The combination of this new constraint and the experimental
constraint [26] evaluated from the heavy-ion collision mea-
surements is considered to be useful to determine the nuclear-
matter EoS solidly.
The mass-radius (MR) relation of neutron star (NS) is sen-
sitive to the nuclear-matter EoS [27]. In this sense, astrophys-
ical observation is another valuable source of information to
provide a strong constraint on the EoS. Recent observations
suggest the existence of massive NSs (∼ 2M⊙), which seems
to exclude the possibility of soft EoS [28, 29]. However, there
exists uncertainties on the radius of NSs from varying obser-
vations. Steiner et al. have adopted the statistical approach to
constrain this uncertainty, and have provided the best fitting
against various observations on the MR relation [30].
There is a possibility that the quark-hadron phase transition
occurs in NSs. The observations on the MR relation yield a
strong constraint on both the quark and hadron phases, while
the nuclear-matter EoS determined from the Ch-EFT 2NF and
3NF and the heavy-ion collision measurements does on the
hadron phase. Therefore, the combination of the solid con-
straints may answer an important question, whether the quark-
2hadron phase transition occurs in NSs and further what is the
critical chemical potential of the transition if it occurs. This
is nothing but to clarify the QCD phase diagram in the large
µB/T limit.
In this paper, we determine the QCD phase diagram in
the whole region from µB/T = 0 to infinity, construct-
ing a reliable quark-hadron hybrid model. The quark part
of the hybrid model is the Polyakov-loop extended Nambu-
Jona-Lasinio (PNJL) model with entanglement vertex that re-
produces LQCD data at finite imaginary µB, finite real- and
imaginary-isospin chemical potentials, small real µB[15, 19],
and strong magnetic field[17]. The hadron part of the hy-
brid model is the hadron resonance gas (HRG) model with
volume-exclusion effect that reproduces the NS observations
and the nuclear-matter EoS evaluated from the Ch-EFT 2NF
and 3NF and the heavy-ion collision measurements. The
volume-exclusion effect is necessary to reproduce the repul-
sive nature of the nuclear-matter EoS. The EoS provided by
the hybrid model preserves the causality even at high µB. In
order to construct the nuclear-matter EoS from the Ch-EFT
2NF and 3NF, we employ the lowest-order Brueckner theory
(LOBT) in pure neutron matter with the Ju¨lich N3LO inter-
action [31]. The lower bound of the critical µB of the quark-
hadron transition at T = 0 is found to be µB ∼ 1.6 GeV.
We also investigate the interplay between the heavy-ion colli-
sion physics around µB/T = 6 and the neutron-star physics
at µB/T =∞.
This paper is organized as follows. In Sec. II, we present the
quark-hadron hybrid model and evaluate the nuclear-matter
EoS from the Ch-EFT 2NF and 3NF by using the LOBT. Nu-
merical results are shown in Sec. III. Section IV is devoted to
a summary.
II. MODEL SETTING
We consider a two-phase model to treat the quark-hadron
phase transition by assuming that the transition is the first
order[32–35]. For the quark phase, we use the entanglement
PNJL (EPNJL) model [15, 18, 19]. This is an extension of the
PNJL model and yields consistent results with LQCD data for
finite imaginary µB, finite real- and imaginary-isospin chem-
ical potentials, small real µB[15, 19], and strong magnetic
field[17]. For the hadron phase, we use the HRG model. The
model is successful in reproducing the QCD EoS below the
transition temperature at µB/T = 0 [5, 6]. This model is
extended for the baryon part to include the volume-exclusion
effect. The effect is necessary to reproduce the repulsive na-
ture of the nuclear-matter EoS. The volume-exclusion radius
is fitted to reproduce the nuclear-matter EoS determined from
the Ch-EFT 2NF and 3NF and the heavy-ion collision mea-
surements.
In this work, we consider the 2-flavor system and do not
take into account the existence of hyperons[36]. Even with
hyperons, the fraction of hyperons is suppressed by the ex-
istence of quarks in NS [37]. Hence, the possibility of the
appearance of quarks is first discussed in this paper. The pos-
sibility of the appearance of hyperons will be discussed in a
forthcoming paper.
A. Quark phase
We first consider the quark phase with the two-flavor EP-
NJL model. The Lagrangian density is obtained in Euclidean
spacetime by
LEPNJL = q¯(γνDν + mˆ0 − γ4µˆ)q −G(Φ)[(q¯q)
2 + (q¯iγ5~τq)
2]
+U(Φ[A], Φ∗[A], T ), (1)
where Dν = ∂ν − iδν4Aa4λa/2 with the Gell-Mann matri-
ces λa. The two-flavor quark fields q = (qu, qd) have masses
mˆ0 = diag(mu,md), and the quark-number chemical poten-
tial matrix µˆ is defined by µˆ = diag(µu, µd). Baryon-number
chemical potential is obtained by µB = 3(µu + µd)/2.
The gauge field Aµ is treated as a homogeneous and static
background field. The Polyakov-loop Φ and its conjugate Φ∗
are determined in the Euclidean space by
Φ =
1
3
trc(L), Φ
∗ =
1
3
trc(L¯), (2)
where L = exp(iA4/T ) with A4/T = diag(φr, φg, φb) in
the Polyakov-gauge; note that λa is traceless and hence φr +
φg + φb = 0. Therefore we obtain
Φ =
1
3
(eiφr + eiφg + eiφb)
=
1
3
(eiφr + eiφg + e−i(φr+φg)),
Φ∗ =
1
3
(e−iφr + e−iφg + e−iφb)
=
1
3
(e−iφr + e−iφg + ei(φr+φg)). (3)
We use the Polyakov-loop potential U of Ref. [11]:
U = T 4
[
−
a(T )
2
Φ∗Φ
+b(T ) ln(1 − 6ΦΦ∗ + 4(Φ3 + Φ∗3)− 3(ΦΦ∗)2)
]
(4)
with
a(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
, b(T ) = b3
(
T0
T
)3
.
(5)
The parameter set in U is fitted to LQCD data at finite T in the
pure gauge limit. The parameters except T0 are summarized
in Table I. The Polyakov potential yields a first-order decon-
finement phase transition at T = T0 in the pure gauge theory.
The original value of T0 is 270MeV determined from the pure
gauge LQCD data, but the EPNJL model with this value of T0
yields a larger value of the pseudocritical temperature Tc of
the deconfinement transition at zero chemical potential than
Tc ≈ 173± 8 MeV predicted by full LQCD [38–40]. There-
fore we rescale T0 to 190 MeV so that the EPNJL model can
reproduce Tc = 174 MeV [15].
3a0 a1 a2 b3
3.51 −2.47 15.2 −1.75
TABLE I: Summary of the parameter set in the Polyakov-loop poten-
tial sector determined in Ref. [11]. All parameters are dimensionless.
The four-quark vertex originates from the one-gluon ex-
change between quarks and its higher-order diagrams. If the
gluon fieldAν has a vacuum expectation value 〈A0〉 in its time
component, Aν is coupled to 〈A0〉 and then to Φ through L.
Hence the effective four-quark vertex can depend on Φ [41].
In this paper, we use the following form for G(Φ)[15]:
G(Φ) = GS[1− α1ΦΦ
∗ − α2(Φ
3 + Φ∗3)]. (6)
This form preserves the chiral symmetry, the charge conjuga-
tion (C) symmetry and the extended Z3 symmetry [12]. We
take the parameters (α1, α2) = (0.2, 0.2) to reproduce LQCD
data at imaginary µB [15]. It is expected that Φ dependence
of G(Φ) will be determined in future by the accurate method
such as the exact renormalization group method [41–43].
Performing the mean-field approximation and the path in-
tegral over the quark field, one can obtain the thermodynamic
potential Ω (per volume):
Ω
V
= G(Φ)σ2 + U − 2Nc
∑
f=u,d
∫
Λ
d3p
(2π)3
Ef
−
2Nc
β
∑
f=u,d
∫
d3p
(2π)3
{
ln
[
1 + 3Φe−β(Ef−µf )
+3Φ∗e−2β(Ef−µf ) + e−3β(Ef−µf )
]
+ ln
[
1 + 3Φ∗e−β(Ef+µf ) + 3Φe−2β(Ef+µf )
+e−3β(Ef+µf )
]}
(7)
with
Ef =
√
~p 2 +M2f , Mf = m0 − 2G(Φ)σ, σ ≡ 〈q¯q〉 . (8)
The quark-number densities nu and nd are obtained by
nf = −
∂
∂µf
(
Ω
V
)
(9)
for f = u, d and the pressure P is defined as P = −Ω +Ω0,
where Ω0 is thermodynamic potential at T = µu = µd = 0.
The three-dimensional cutoff is introduced for the momentum
integration, since this model is nonrenormalizable; this regu-
larization is denoted by
∫
Λ
in Eq. (7). For simplicity, we as-
sume isospin symmetry for u and d masses: ml ≡ mu = md.
At T = 0, the EPNJL model agrees with the NJL model that
has three parameters; GS, ml, and Λ. One of the typical pa-
rameter sets is shown in Table II [44]. These parameters are
fitted to empirical values of pion mass and decay constant at
vacuum.
ml(MeV) Λ(MeV) GS(GeV
−2)
5.5 631.5 5.498
TABLE II: Summary of the parameter set in the NJL sector taken
from Ref. [44].
The classical variablesX = Φ, Φ∗ and σ are determined by
the stationary conditions
∂Ω
∂X
= 0. (10)
The solutions to the stationary conditions do not give the
global minimum of Ω necessarily. They may yield a local
minimum or even a maximum. We then have checked that
the solutions yield the global minimum when the solutions
X(T, µu, µd) are inserted into Eq. (7). In this work, we em-
ploy an approximation Φ = Φ∗ for numerical simplicity, be-
cause the approximation is good and hence sufficient for the
present analysis[16].
Repulsive forces among quarks are crucial to account for
the 2M⊙ NS observation [32, 45], since they harden the EoS
of quark matter. We then introduce the vector-type four-body
interaction to the EPNJL model [13],
LEPNJL → LEPNJL +GV(q¯γµq)
2. (11)
The corresponding thermodynamic potential is obtained by
the replacement,
µf → µf − 2GVnq, (12)
G(Φ)σ2 → G(Φ)σ2 −GVn
2
q (13)
with nq ≡ 〈q†q〉. Here, nq is determined in a self-consistent
manner to satisfy the thermodynamic relation,
−
∂
∂µq
(
Ω
V
)
= nq, (14)
where µq = µB/3 = (µu + µd)/2. The parameter GV is
treated as a free parameter in this paper. GV dependence of
the quark-hadron phase transition will be discussed in Sec. III.
B. Hadron phase
Now we consider the hadron phase by using the HRG
model and its extension. The pressure of the HRG model is
composed of meson and baryon parts,
PH = PM + PB (15)
where PH, PM and PB are pressures of hadronic, mesonic and
baryonic matters, respectively. For the meson part, we use the
HRG model with no extension:
PM =
∑
i
diT
∫
d3p
(2π)3
ln
(
1− e−βEi
) (16)
Ei =
√
~p 2 +M2i , (17)
4where the summation is taken over all meson species and Mi
and di are mass and degeneracy of ith meson, respectively.
For the baryon sector, the volume-exclusion effect [18, 46,
47] is introduced to reproduce the repulsive nature of the
nuclear-matter EoS determined from the Ch-EFT 2NF and
3NF and the heavy-ion collision measurements that will be
shown later in Sec. II C.
We consider the system of particles having a finite volume
v, characterized by thermodynamic variables (T, V, µ). Fol-
lowing Refs. [18, 46, 47], we approximate the system of
finite-volume particles by the mimic system of point particles
with (T, V˜ , µ˜) defined by
V˜ = V − vNB, (18)
µ˜ = µ− vP, (19)
where NB is the total baryon number. The P and NB should
be the same between the original and mimic systems. The
chemical potential µ˜ of the mimic system is determined to
preserve the thermodynamic consistency. The procedure can
be extended to the multi-species system composed of proton
(p) and neutron (n), and the pressure of the mimic system is
obtained by
PB =
2
β
∑
i=p,n
∫
d3p
(2π)3
[
ln
(
1 + e−β(Ei−µ˜i)
)
+ ln
(
1 + e−β(Ei+µ˜i)
) ]
(20)
with E =
√
p2 +M2i , Mp = 938 MeV, and Mn = 940
MeV[48]. The entropy density (s) and the number densi-
ties (np, nn) of the original system are obtained from those
of mimic system by
s =
s˜
1 + vn˜B
, (21)
ni =
n˜i
1 + vn˜B
, (22)
with i = p, n and n˜B = n˜p + n˜n.
C. LOBT calculation with Ch-EFT interactions
The Brueckner theory is a standard framework to describe
nuclear matter starting from realistic 2N interactions. The re-
action matrix G, defined by the G-matrix equation
G12 = v12 + v12
Q
ω − (t1 + U1 + t2 + U2)
G12, (23)
properly deals with short range (high momentum) singulari-
ties of the 2N potential v12. The self-consistent determination
of the single-particle (s.p.) potential U ,
〈i|U |i〉 ≡
occupied∑
j
〈ij|G12|ij − ji〉 (24)
corresponds to the inclusion of a certain class of higher-order
correlations. In the above expression, Q stands for the Pauli
exclusion, ti is a kinetic energy operator, and ω is a sum of the
initial two-nucleon s.p. energies. The reliability of the lowest-
order calculation in the Brueckner theory has been demon-
strated by the estimation of the smallness of the contribution
of higher-order correlations on the one hand and by the consis-
tency with the results from other methods such as variational
framework[49].
The Ch-EFT provides a systematic determination of 2NF
and 3NF. It is prohibitively hard, at present, to do full many-
body calculations for infinite matter with including 3NF. The
effects can be estimated by introducing a density-dependent
effective 2N force v12(3) obtained by folding the third nucleon
in infinite matter considered:
〈k′1σ
′
1τ
′
1,k
′
2σ
′
2τ
′
2|v12(3)|k1σ1τ1,k2σ2τ2〉A
=
∑
k3σ3τ3
〈k′1σ
′
1τ
′
1,k
′
2σ
′
2τ
′
2,k3σ3τ3|v123
|k1σ1τ1,k2σ2τ2,k3σ3τ3〉A, (25)
where σ and τ stand for the spin and isospin indices, and two-
remaining nucleons are assumed to be in the center-of-mass
frame, namely k′1 + k
′
2 = k1 + k2. The suffix A denotes an
antisymmetrized matrix element. The G-matrix equation is
set up for the two-body interaction v12 + 13v12(3). The factor
1
3 is necessary for properly taking into account the combinato-
rial factor in evaluating the total energy. The LOBT G-matrix
calculation in this approximation turns out to give quantita-
tively satisfactory description for the fundamental properties
of nucleon many-body systems, namely saturation and strong
spin-orbit field: the latter is essential for accounting for nu-
clear shell structure. These results were briefly reported in
Ref. [50]. Detailed accounts will be given in a separate paper.
In neutron matter, the contact cE term of the Ch-EFT 3NF
vanishes and the cD term contributes negligibly. This means
that the 3NF contributions in neutron matter are determined
by the parameters that are fixed in the 2NF sector. Thus am-
biguities concerning the 3NF contributions are minimal with
the use of the Ch-EFT, in contrast to past studies in which
phenomenological regulations were often applied. Because
many-body correlation effects are expected not to be large be-
cause of the absence of strong tensor-force correlations in the
3E channel, the LOBT energies should be reliable in neutron
matter.
Calculated energies of neutron matter with and without
3NF are shown in Fig. 1, where the cutoff energy ΛEFT of
the Ch-EFT 2NF and 3NF is 550 MeV. The solid and dashed
curves are results using the Ch-EFT interactions with and
without 3NF, respectively. The energy curve without 3NF is
very close to that of the standard modern 2NF, AV18 [51].
For comparison, energies from the variational calculation by
Illinois group [52] are included, which are frequently referred
to as the standard EoS for discussing NS properties although
their 3NF is phenomenological to some extent. It is interesting
that the present prediction based on the Ch-EFT shows good
correspondence to those energies.
50 0.1 0.2 0.30
20
40
Ch−EFT
with 3NF
Ch−EFT
w/o 3NFNe
ut
ro
n−
M
at
te
r E
ne
rg
y 
 E
/A
  (M
eV
)
nB (fm−1)
AV18+UIX
AV18
Fig. 1: Neutron-matter energies as a function of the density nB.
The solid and dashed curves are results of the Ch-EFT interactions
with and without 3NF, respectively. The dotted curve shows results
of the AV18 2NF [51]. The typical result of the variational method
by the Illinois group [52] is include by a dot-dashed curve, in which
the Urbana 3NF is used together with the AV18.
In the application of the Ch-EFT, an estimation of theoret-
ical uncertainties due to the uncertainties of the low-energy
constants is customarily presented. As for the neutron-matter
EoS, it is instructive to consult the estimation by Kru¨ger et al.
[53]. They show, in their Hatree-Fock type calculations that
the neutron-matter energy at saturation density is in a range
of −14 ∼ −17 MeV for the Ch-EFT potential of the Ju¨lich
group [31] with the cutoff parameter of 450/700 MeV from
uncertainties of coupling constants and cutoff parameters as
well as many-body theoretical treatment. Following this esti-
mation, we add the shaded are to indicate possible uncertain-
ties, simply assuming the ±8 % of the potential contribution,
which is −18.6 MeV at saturation density.
III. NUMERICAL RESULTS
A. Zero temperature
At zero temperature, the present hybrid model becomes
simpler. Mesons do not contribute to the pressure, and the
quark phase is described by the NJL model, since the EPNJL
model is reduced to the NJL model there. In this section, we
discuss the MR relation of NS, assuming that the hadron phase
is a neutron-matter system.
The NJL model for the quark phase is solved under the con-
dition
2nu = nd, (26)
and the neutron-number density (nn) and its chemical poten-
tial (µn) are given by
nn =
2nd − nu
3
, (27)
µn = µu + 2µd. (28)
In the HRG model for the hadron phase, neutrons are as-
sumed to have the exclusion volume v which depends on µ˜B.
The dependence is parameterized as
v =
4
3
πr3excl, (29)
rexcl(µ˜B) = r0 + r1µ˜B + r2µ˜
2
B. (30)
Figure 2 shows nB dependence of the neutron-matter pres-
sure; note that nB = nn in neutron matter and it is normal-
ized by the normal nuclear density ρ0 = 0.17 (fm−3). Closed
squares denote the results of LOBT calculations with the Ch-
EFT 2NF and 3NF. The results are plotted in the region of
nB < 2ρ0, since the Fermi energy becomes larger than the
cutoff energy ΛERT beyond nB = 2ρ0. As shown in panel
(a), the result (solid line) of the HRG model with the volume-
exclusion effect well reproduces the results of LOBT calcula-
tions at ρ0 <˜nB <˜ 2ρ0, when
r0 = 0.50(fm), (31)
r1 = 0.50(fm/GeV), (32)
r2 = −0.34(fm/GeV
2). (33)
More precisely, the difference between the two results is at
most 2(MeV/fm3), but the deviation is smaller than the theo-
retical uncertainty of the Ch-EFT EoS estimated in Sec. II C.
For nB < ρ0, the agreement of the extended HRG model with
the Ch-EFT EoS is not perfect, so the Ch-EFT EoS itself is
used there whenever the MR relation is evaluated.
In panel (b), the neutron-matter pressure is plotted at higher
nB. The hatching area shows the empirical EoS [26] evaluated
from heavy-ion collisions in which the uncertainty coming
from the symmetry energy is taken into account. The present
HRG model is also consistent with this empirical result.
The speed of sound (cS) relative to the speed of light (c) is
obtained by
cS
c
=
√
dP
dε
(34)
with the energy density ε. The ratio cS/c should be smaller
than 1 to preserve the causality. As shown in Fig. 3 that shows
nB dependence of cS/c, the present HRG model satisfies the
causality even in the high-density region.
Figure 4 shows nB dependence of the neutron exclusion ra-
dius rexcl. The resulting rexcl determined from the Ch-EFT
and the empirical EoS has weak nB dependence and the value
is around 0.6 fm that is not far from the proton charge radius
0.877 fm[48]. This fact implies that the present model is rea-
sonable as an effective model.
The MR relation of NS is obtained by solving the static
and spherically symmetric Einstein equation, i.e., the Tolman-
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Fig. 2: Baryon-number density (nB) dependence of pressure (P )
for neutron matter. nB is normalized by the normal nuclear density
ρ0 = 0.17 (fm−3). In the panel (b), experimental data is taken from
Ref.[26].
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sound (cS) in neutron matter.
Oppenheimer-Volkoff (TOV) equation,
dP
dr
= −GN
εm
r2
(
1 +
P
ε
)(
1 +
4πPr3
m
)(
1−
2GNm
r
)−1
,
dm
dr
= 4πr2ε (35)
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Fig. 4: Baryon-number density (nB) dependence of neutron exclu-
sion radius (rexcl).
with GN being the gravitational constant [54], where
m(r) =
∫ r
0
4πr′2ε(r′)dr′ (36)
corresponds to the gravitational mass of the sphere of radius r.
The solutions, m(r) and P (r), can be obtained by integrating
the TOV equations numerically, when the EoS, P = P (ε),
is given. The integration stops at r = R where P (R) = 0,
and the maximum value R is the radius of NS and the mass
is given by M = m(R). Here, we adopt the Baym-Pethick-
Sutherland (BPS) EoS for the outer crust [55]. Although, for
the inner crust, we should consider the non-uniform struc-
tures, namely the pasta structures [56], we just connect the
outer crust EoS to the Ch-EFT EoS at the subnuclear density
smoothly, since this simplification does not affect on the MR
relation. Similarly the Ch-EFT EoS is connected to the HRG-
model EoS at nB ∼ ρ0.
Figure 5 shows the MR relation obtained by the hadron
model mentioned above. The model result (dashed line) is
compared with two observation data. The first one obtained
by A. W. Steiner et al. is the best fitting against various ob-
servations on the MR relation [30]. This is not a strong con-
straint because of the uncertainty of the analysis particularly
on X-ray burst phenomena. The second one has been obtained
by P. B. Demorest et al. from measurements of pulsar J1614-
2230 [28]. This yields the lower bound of maximum NS mass,
M = (1.97±0.04)M⊙ and is a strong constraint. The present
hadron model yields a consistent result with both the observa-
tions.
Next, we consider the quark-hadron transition with the
Maxwell construction by assuming that the transition is the
first-order. The transition occurs, when the two phases satisfy
the conditions
µu + 2µd = µn, (37)
PQ(µu, µd) = PH(µn). (38)
Here we do not consider the finite-size effects due to the
Coulomb interaction and the surface tension [57]. We will
study these effects on the EoS in the future.
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Fig. 5: The mass-radius relation obtained by the neutron matter with
quark-hadron transition. The two observation data are taken from
Ref. [28, 30].
Once the quark phase appears as a consequence of the
quark-hadron phase transition, it softens the EoS. The quark-
matter part of the EoS depends on the strength of GV; more
precisely, it becomes hard as GV increases. Hence, the lower
bound of GV is determined from the 2M⊙ NS observation.
The lower bound of such GV is 0.03GS, as shown below. Fig-
ure 5 shows the MR-relation determined by the present hybrid
model. The solid line shows the result of the hybrid model
with GV = 0.03GS, while the dashed line represents the re-
sult of the hadron model that corresponds to the hybrid model
with GV = ∞. Thus the hybrid model is consistent with the
2M⊙ NS observation, when GV ≥ 0.03GS.
B. Finite temperature
In this section, we consider the symmetric matter by setting
µp = µn = µB and µu = µd = µB/3. Understanding of the
symmetric matter at finite T is important to elucidate early
universe or heavy-ion collisions.
Figure 6 shows T dependence of (a) the pressure and (b)
the energy density obtained by the hybrid model in compar-
ison with LQCD results [4], where T is normalized by the
deconfinement transition temperature Tc. The deconfinement
transition is crossover at µB = 0 in both of LQCD simula-
tions and the EPNJL model. The transition temperature de-
fined by the peak of susceptibility is Tc = 174 MeV for
both the results [15]. The hybrid model (solid line) shows the
first-order quark-hadron transition, whereas the LQCD sim-
ulations (closed squares) do the crossover transition. Except
for the transition temperature T ≈ 1.1Tc of the first-order
quark-hadron transition, the model results almost reproduce
the LQCD results.
Figure 7 is the phase diagram in the µB-T plane. The thick
solid line is the quark-hadron transition line obtained by the
hybrid model with GV = 0.03GS. The transition is the first
order everywhere. In this sense, this is an approximate re-
sult at least at µB/T < 1, since LQCD simulations show
that the deconfinement (quark-hadron) transition is crossover
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Fig. 6: T dependence of (a) the pressure and (b) the energy density
obtained by the hybrid model. The result are normalized by their
Stefan-Boltzmann limits. LQCD data is taken from Ref. [4].
there. As an important result, the first-order quark-hadron
transition line is close to the crossover deconfinement tran-
sition line (dot-dashed line) obtained by the EPNJL model at
µB/T < 1, where the deconfinement transition line is simply
defined as a line satisfying Φ = 0.5. Noting that the EPNJL
model well simulates LQCD results at µB/T < 1, one can see
that the present hybrid model is a rather good effective model
even at small µB/T . The dashed and dotted lines correspond
to the first-order and crossover chiral transition lines, whereas
the closed square is the critical endpoint (CEP) of the chiral
transition.
As already mentioned in Sec. III A, the present hybrid
model is consistent with the NS observations at T = 0, when
GV ≥ 0.03GS. In the hybrid model with GV = 0.03GS,
the critical baryon-number chemical potential µ(c)B of the first-
order quark-hadron transition at T = 0 is 1.6 GeV, as shown
in Fig. 7. This is the lower bound of µ(c)B , since GV can vary
from 0.03GS to ∞; actually, µ(c)B is shifted to higher µB as
GV increases, as shown later in Fig. 8. This is the primary re-
sult of the present work. In the EPNJL model, meanwhile, the
critical baryon-number chemical potential of the chiral transi-
tion at T = 0 is 1 GeV. The point belongs to the hadron phase
in the hybrid model. Thus, we do not have any conclusive
result on the chiral transition at T = 0. This is an important
8 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0  0.5  1  1.5  2
T 
(G
eV
)
µB (GeV)
1st order(Qurak-Hadron)
1st order(EPNJL)
chiral-crossover (EPNJL)
Φ = 0.5 (EPNJL)
CEP(EPNJL)
Fig. 7: Phase diagram in the µB-T plane. The solid line represents
a quark-hadron transition line given by the hybrid model. The other
lines and symbol are obtained by the EPNJL model. The dashed
(dotted) line correspond to the first-order (crossover) chiral transition
line, and the dot-dashed line is a contour line corresponds toΦ = 0.5.
The closed square is the critical endpoint (CEP).
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0  0.5  1  1.5  2
T 
(G
eV
)
µB (GeV)
µB/T=3 µB/T=6
Gv = 0.2 Gs
Gv = 0.03 Gs
Fig. 8: Phase diagram in the µB-T plane. The dashed line is the
result of the hybrid model with GV = 0.03GS ; the line corresponds
to the thick solid line in Fig. 7. The thick-solid line corresponds
to the case of GV = 0.2GS. Two thin-solid lines mean lines of
µB/T = 3 and 6, respectively.
problem to be solved in future.
In principle one can determine the strength of GV from
LQCD simulations present at µB/T < 3, but in practice the
strength thus determined has large ambiguity[20, 23]. Figure
8 shows the phase diagram in the µB-T plane predicted by
the hybrid model with different values of GV. The dashed
and solid lines correspond to the cases of GV = 0.03GS and
0.2GS, respectively. The phase transition line is insensitive
to the variance of GV at µB/T < 3, but rather sensitive at
µB/T ≈ 6. Thus the physics at µB/T ≈ 6 is strongly related
to the NS physics at µB/T = ∞. If the quark-hadron tran-
sition line at µB/T ≈ 6 is determined by LQCD simulations
or heavy-ion collision experiments, it will also determine µ(c)B
more strictly.
IV. SUMMARY
We have studied the QCD phase diagram in the whole re-
gion from µB/T = 0 to infinity, constructing the quark-
hadron hybrid model that is consistent with LQCD results at
µB/T = 0 and at µB/T = ∞ with NS observations and
the neutron-matter EoS evaluated from the Ch-EFT 2NF and
3NF and the heavy-ion collision measurements. The EoS pro-
vided by the model preserves the causality even at high nB. At
nB < 2ρ0 the baryon part of the EoS agrees with the neutron-
matter EoS constructed from the Ch-EFT 2NF and 3NF with
the lowest-order Brueckner theory (LOBT). The Ch-EFT pro-
vides a systematic framework of constructing 2NF and 3NF,
and the 3NF yields a significant effect on the EoS at nB > ρ0.
In this sense, the use of the Ch-EFT, which respects symme-
tries of QCD, is inevitable to construct the neutron-matter EoS
with no ambiguity.
We have determined the lower bound of the critical chemi-
cal potential of the quark-hadron transition at T = 0:
µ
(c)
B ∼ 1.6 GeV. (39)
This is the primary result of this work. In the NJL model,
the first-order chiral transition occurs at µ(c)B = 1 GeV, when
T = 0. The point is located in the hadron phase in the hy-
brid model. Thus, the critical chemical potential of the chiral
transition at T = 0 is unknown. In this sense, the NJL model
is not good enough at T = 0. It is then highly required to
introduce baryon degrees of freedom in the effective model.
We have also shown the interplay between the heavy-ion
collision physics at µB/T ≈ 6 and the NS physics at µB/T =
∞. If the vector coupling GV is determined at µB/T ≈ 6
from heavy-ion collision measurements, the information de-
termines the critical chemical potential of the quark-hadron
transition at T = 0 and hence properties of NS in the inner
core. This fact strongly suggests that these two regions should
be studied simultaneously.
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